We investigate the spectrum for {4}-GDDs of type g u m
INTRODUCTION
A group-divisible design (GDD) is a triple (X, G, B) where X is a set of points, G is a partition of X into groups, and B is a collection of subsets of X called blocks such that any pair of distinct points from X occur together either in some group or in exactly one block, but not both. A K-GDD of type g Group-divisible designs have been studied for many years by numerous researchers for a variety of reasons; see, e.g., [BJL] and [CD] . Important applications of these designs include the construction of other types of combinatorial structures, e.g., pairwise balanced designs and frames.
A GDD is called uniform if all of its groups have the same size. The spectra for uniform GDDs with block sizes 3 or 4 have been determined; see [CD, III. (g, u) = (2, 4) or (6, 4) . Some important classes of nonuniform GDDs with block size 3 have been constructed; see [CD, III.1.3 Moreover, Colbourn [C] has determined all possible group-types for {3}-GDDs on at most 60 points.
With regards to block size 4, many group-types are known for ''small'' orders. For example, Kreher and Stinson [CD, III.1.3 5 . In addition, the following types have been constructed (see [RS1, RS2, RS3, RS4, GR] In this article, we will examine the spectrum for {4}-GDDs of type g u m
1
. A complete solution is known in the cases where g=1 or 3: A group-divisible design is called resolvable if its block set admits a partition into parallel classes, each parallel class being a partition of the point set. The following result can be found in [CD, III.1.3 (g, u)=(2, 3) , (2, 6), or (6, 3) .
As a simple consequence of Theorem 1.5, we get the following class of {4}-GDDs of type g u m 1 , with m as large as possible.
Corollary 1.6. For each (g, u) with u \ 3, gu -0 mod 3 and g(u − 1) -0 mod 2, (g, u) ] (2, 3), (2, 6), or (6, 3) , there exists a {4}-GDD of type g
A double group-divisible design (DGDD) is a quadruple (X, H, G, B) where X is a set of points, H and G are partitions of X (into holes and groups, respectively), and B is a collection of subsets of X (blocks) such that (i) for each block b ¥ B and each hole Y ¥ H, |b 5 Y| [ 1, and (ii) any pair of points from X which are not in the same hole occur together in some group or in exactly one block, but not both.
u s is a double groupdivisible design in which every block has size from the set K and in which there are u i groups of size g i , each of which intersects each of the v holes in h i points. (Thus, g i =h i v for i=1, 2, ..., s. Not every DGDD can be expressed this way, of course, but this is the most general type that we will require.) Thus, for example, a modified group
) and is equivalent to a set of k − 2 holey MOLS of type h v (see, e.g., [CD] ). We will make use of the following existence results. Theorem 1.7. (i) ( [CD, II.3.4 Theorem 3.17] v \ 4, except when (h, v)=(1, 6) .
(ii) ( [AW] and [LC] ) A {4}-MGDD of type g u exists if and only if (g − 1)(u − 1) -0 mod 3 and g, u \ 4, except for (g, u)=(6, 4) and except possibly for (g, u) ¥ {(6, 16), (6, 22), (10, 15), (10, 18) }.
We will make use of the following simple construction for DGDDs. and that h \ 1, v \ 4 and (h, v) 
We categorize these conditions in Table I , which we have split into two parts, according as to whether (g, u) satisfies the hypothesis of Corollary 1.6. In the first instance, Corollary 1.6 asserts the existence of a {4}-GDD of type g (2, 6), or (6, 3) ). We now proceed to show that in each of the remaining cases, there exists a {4}-GDD of type g
1 . We will make use of the following existence result for {4}-GDDs with five groups [R] . 1 and 18 4 6 1 have been constructed in [GeR] . 
do not satisfy hypothesis of Corollary 1.6
Proof. From Theorem 1.4 (ii) and Theorem 1.11, we may assume that g \ 9 and u \ 8. Suppose first that u \ 12. Let u=4t, t \ 3. From Corollary 1.6, there is a {4}-GDD of type (4g) t (2g(t − 1)) 1 . Adjoin (3g − 3)/2 ideal points and fill in {4}-GDDs of type g 
Finally, we will make use of the following results.
(ii) ( [SS] ) There exists a resolvable {4}-GDD of type 3 u if and only if u -0 mod 4 and u \ 8, except possibly when u ¥ {88, 124}.
{4}-GDDS OF TYPE
In this section, we work toward analogues of Theorems 1.13, 1.14, and Corollary 1.6 with m as small as possible. The theoretical minimums are given in Table I . Now when g -0 mod 6, or g -3 mod 6 and u -0 or 1 mod 4, Table I gives m min =0; that is, these GDDs are uniform and so their existence is determined by Theorem 1.1 (ii):
Now there exists a {4}-GDD of type 6
4 3 1 (Theorem 1.11), making the actual value for m min =3 when (g, u)=(6, 4). . Now proceed as in the case k even.
There remains the case g=9. {4}-GDDs of types 9 u=7, 11, 15 , and 19 are given below. In each case, the point set is Z 9u 2 ({a} × Z 3 ), with group set {{0, u, 2u, ..., 8u}, {1, u+1, 2u+1, ..., 8u+1}, ..., {u − 1, 2u − 1, 3u − 1, ..., 9u − 1}} . We present the base blocks, which are to be developed mod 9u; the subscript on a is to be developed mod 3. u=7: 1, 2, 4, 10 1, 5, 16, 39 1, 6, 25, 42 1, 13, 31, 44 1, 11, 27, a 0 u=11: 2, 22, 38, 39 7, 26, 53, 77 1, 26, 35, 41 2, 70, 83, 93 1, 53, 74, 88 1, 40, 68, 98 7, 49, 52, 56 1, 6, 44, a 0 u=15: 1, 42, 100, 131 1, 23, 35, 48 1, 39, 55, 87 1, 64, 67, 126 1, 15, 21, 44 1, 2, 10, 66 1, 8, 12, 92 1, 41, 68, 94 1, 19, 38, 40 1, 29, 62, 86 1, 18, 53, a 0 u=19: 1, 60, 135, 159 1, 141, 156, 162 1, 34, 85, 86 1, 70, 78, 144 1, 42, 69, 91 1, 72, 74, 127 1, 114, 126, 158 1, 41, 142, 147 1, 8, 12, 62 1, 18, 125, 154 1, 43, 110, 136 1, 40, 129, 163 1, 61, 64, 152 1, 24, 80, Of course, the case g=3 and u -3 mod 4, u \ 3, is covered by Theorem 1.1 (ii).
The foregoing covers all cases in Table I where g -0 mod 3. We now move to g -2 or 4 mod 6. For g -2 mod 6, Table I 0, 1, 3, 16 0, 4, 26, 59 0, 5, 37, 46 0, 8, 19, 39 0, 10, 27, 50 0, 70, 121, 170 0, 87, 92, 137 0, 93, 157, 218 0, 151, 206, 219 0, 69, 122, 163 0, 26, 46, 207 0, 15, 97, 130 0, 105, 112, 185 0, 101, 117, 145 0, 11, 25, 129 0, 139, 147, 176 0, 23, 172, 189 0, 1, 3, 143 0, 4, 169, 201 0, 34, 74, 109 Finally, the following is a {4}-GDD of type 20 6 2 1 . We take as the point set 16, 43, 77 1, 2, 52, 117 2, 35, 79, 114 2, 95, 97, 0 3, 46, 60, 67 2, 5, 15, 76 2, 51, 54, 65 2, 45, 91, 101 1, 64, 86, 90 1, 6, 65, 88 1, 10, 29, 68 1, 8, 54, 76 1, 3, 101, 108 3, 79, 82, 90 1, 48, 82, 95 3, 30, 40, 56 3, 31, 35, 86 3, 53, 72, 91 3, 26, 41, 42 1, 74, 105, 106 3, 12, 32, 61 1, 30, 51, 116 2, 10, 78, 113 1, 21, 38, 96 1, 18, 110 0, 40, 80 Each base triple generates a parallel class on Z 120 ; adjoin an infinite point to each block in each of these two parallel classes to obtain the desired GDD. , as desired. L Before proceeding to the case g -10 mod 12, we will require the following preliminary result.
Lemma 2.6. Let u \ 4, u¨{10, 12, 13, 14, 15, 17, 18, 19 Proof. Let g=10 or 22. Designs for (g, t) ¥ {(10, 2), (22, 2), (10, 3) , (22, 3) , (10, 5) , (10, 6) , (22, 6) . We can henceforth assume that t \ 11 and t is odd. Let u=(t − 3)/2, so that u \ 4. Suppose that u¨{10, 12, 13, 14, 15, 17, 18, 19, 23} . Take the point set Z 204 2 {.}, with group set {{i, i+6, i+12, ..., i+198} : i=0, 1, ..., 5} 2 {{.}}. Develop the following base blocks mod 204 (the last base block generates a short orbit). 0, 53, 73, 140 0, 2, 3, 31 0, 5, 21, 187 0, 4, 103, 147 0, 56, 69, 163 0, 39, 58, 139 0, 52, 179, 193 0, 98, 157, 172 0, 8, 83, 133 0, 9, 43, 89 0, 27, 118, 169 0, 26, 111, 181 0, 45, 55, 167 0, 7, 40, 116 0, 68, 136 , . Finally, we consider g -1 or 5 mod 6.
{4}-GDDS OF TYPE
Theorem 2.11. Let g -1 mod 6, g \ 7. 1 , except possibly when (g, u)=(11, 12) or (17, 12) . 0, 22, 26, 28 0, 14, 17, 25 0, 10, 39, 52 0, 5, 46, . 1 0, 17, 35, 49 0, 9, 31, 52 0, 13, 19, 39 0, 37, 44, . 2 0, 11, 37, 44 0, 22, 27, 40 0, 40, 41, 50 0, 15, 30, 45 0, 16, 51, 53 0, 27, 56, 59 0, 1, 4, 6 1, 16, 31, 46 2, 17, 32, 47 Now let g \ 23, and write g=6k+5, k \ 3. {0, 3, 6, ..., 42}, +) of Z 45 of order 15). The last three each generate a short orbit. , 10, 11, 12 0, 1, 13, 39 0, 3, 7, 31 0, 25, 41, . 1 0, 25, 32, 42 0, 21, 35, 43 0, 5, 13, 21 0, 15, 30, . 2 0, 19, 39, 41 0, 26, 29, 40 0, 6, 28, 40 1, 16, 31 , except possibly when g=11 or 17.
g u m 1 0
CONCLUSION
The main result of the paper is a combination of Corollary 1.6, Theorems 1.13 and 1.14, Theorems 2.1 and 2.2, Theorems 2.3, 2.9, 2.11, and 2.17, and Remarks 2.10 and 2.16: , 57, 79, 89 1, 12, 17, 67 2, 21, 46, 50 2, 17, 25, 31 2, 10, 24, 41 1, 2, 4, 39 2, 22, 28, 80 2, 26, 51, 79 1, 18, 80, 87 2, 15, 58, 61 2, 43, 69, 76 1, 6, 16, 49 1, 20, 70, 71 0, 30, 60, . 1, 31, 61 , . 2, 13, 109, 134 1, 17, 45, 93 2, 99, 131, 135 1, 52, 95, 98 1, 15, 85, 131 2, 21, 33, 39 2, 105, 110, 143 2, 3, 58, 70 1, 73, 83, 112 2, 18, 65, 73 1, 20, 27, 116 2, 4, 126, 132 2, 10, 67, 69 1, 2, 34, 72 2, 54, 71, 128 1, 14, 23, 65 2, 16, 43, 80 1, 50, 127, 138 2, 60, 83, 145 2, 5, 36, 46 2, 51, 86, 91 2, 6, 93, 116 1, 28, 53, 130 0, 50, 100, . 1, 51, 101 , . Develop the following base blocks mod 180 (the last one generates a short orbit). 1, 31, 57, 126 1, 2, 60, 111 1, 10, 32, 74 1, 51, 168, 174 1, 29, 69, 143 1, 9, 54, 101 1, 146, 157, 178 1, 24, 137, 152 1, 84, 100, 104 1, 3, 40, 171 1, 79, 120, 154 1, 87, 92, 135 1, 83, 97, 116 1, 18, 80, 105 1, 61, 121 , . Develop the following base blocks mod 132 (the last one generates a short orbit). 0, 51, 100, 113 0, 23, 103, 105 0, 28, 92, 101 0, 1, 95, 98 0, 56, 111, 127 0, 20, 85, 107 0, 26, 117, 125 0, 4, 43, 122 0, 11, 57, 74 0, 44, 88 , . {0, 2, 4, ..., 196}, +) of Z 198 of order 99). The last two each generate a short orbit. 1, 57, 105, 130 2, 33, 61, 120 2, 51, 72, 129 2, 104, 118, 143 2, 8, 48, 69 1, 18, 69, 188 2, 70, 112, 125 2, 22, 25, 86 1, 89, 102, 187 2, 9, 165, 166 1, 4, 52, 146 2, 17, 19, 157 2, 79, 89, 108 1, 51, 75, 98 1, 34, 81, 86 1, 31, 110, 126 2, 34, 39, 78 1, 84, 113, 177 2, 40, 111, 126 1, 63, 155, 159 2, 80, 123, 178 2, 60, 93, 196 2, 109, 140, 150 2, 135, 151, 188 2, 77, 192, 193 1, 134, 153, 164 2, 4, 28, 133 1, 33, 71, 147 1, 7, 15, 179 0, 66, 132, . 1, 67, 133 , . Develop the following base blocks mod 396 (the last one generates a short orbit). , 185, 232, 371 0, 262, 289, 344 0, 168, 272, 320 0, 70, 172, 273 0, 11, 318, 395 0, 120, 280, 351 0, 39, 69, 284 0, 23, 199, 308 0, 192, 251, 376 0, 94, 253, 352 0, 34, 84, 345 0, 3, 103, 368 0, 46, 225, 268 0, 209, 233, 300 0, 5, 62, 379 0, 229, 250, 303 0, 38, 227, 259 0, 15, 316, 382 0, 147, 153, 355 0, 60, 278, 383 0, 97, 214, 363 0, 8, 121, 298 0, 26, 75, 136 0, 239, 248, 304 0, 226, 263, 392 0, 81, 195, 281 0, 206, 269, 356 0, 2, 142, 158 0, 64, 83, 205 0, 7, 42, 161 0, 10, 68, 223 0, 132, 264 , . 43, 61, 102 3, 27, 70, 96 2, 20, 66, 76 1, 33, 59, 104 2, 3, 32, 69 2, 6, 9, 103 1, 2, 90, 95 2, 7, 10, 29 3, 25, 48, 92 3, 12, 90, 98 0, 2, 51, 83 1, 40, 45, 94 3, 60, 79, 93 1, 18, 38, 70 2, 16, 50, 93 2, 11, 42, 55 1, 21, 51, 58 1, 26, 29, 81 3, 26, 80, 95 1, 46, 73, 89 1, 10, 65, 91 2, 22, 96, 97 1, 77, 100, 102 2, 8, 67, 74 1, 14, 72, . 1 0, 35, 70, . 2 Develop the following base blocks +3(mod 66) (that is, modulo the subgroup ({0, 3, 6 , ..., 63}, +) of Z 66 of order 22). The subscripts on a, b, c, and d are to be developed mod 2.
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